Abstract. Let fip . -. , Hk be odd positive integers and »i = Z¡=.x(p¡ + 1). Let {«(.}|=j be an extended Tchebycheff system on [a, b]. Let L be a positive linear functional on U = span( {u,}). We prove that L has a unique representation in the 
can, by a judicious choice of the points a < tx < ■ • • <tk < b and weights {a¡}, be made exact for all integrands / which are polynomials of degree at most 2k-1. Furthermore, this choice of points and weights is unique. An equivalent statement is that a certain system of 2k equations in the 2k unknowns {t¡}, {a¡} has a unique solution.
Formulas of this type, and their various generalizations, are usually known as Gaussian quadrature formulas.
In [1] , Karlin and Pinkus give a discussion of some of these generalizations. We refer the reader to that paper and its excellent bibliography for more information on this subject. This paper is concerned with generalizations of the following theorem, which is proved in [1] .
Theorem A. Let px, ... ,pkbe odd positive integers, and let n = SJL x (p¡ +1).
Let {«,}"_ j be an extended complete Tchebycheff system on the interval [a, b].
Then there are unique points a <tx < ■ ■ • < tk < b and coefficients {a¡j}¡-x f±Ql such that The present paper gives an entirely different proof of this theorem, using the topological degree of a mapping F: D C Rk -► Rk. This proof is somewhat simpler, and obviates the requirement that the system {«,} be complete. This in turn makes an extension of the theorem to periodic Tchebycheff systems straightforward, an extension whose proof is apparently not possible by the method used in [1] .
In Section 2 we present some definitions and some results on Tchebycheff systems and degree theory which will be needed in our subsequent analysis. The main result, Theorem 1, is proved in Section 3. The generalizations of this theorem to the periodic case (Theorem 2) and to nonnegative linear functionals (Theorem 3) are presented in Section 4, along with a brief discussion on reducing the smoothness required of the {«,.}. 
At most N consecutive ^-'s are allowed to coincide. An easy consequence of this definition is the following fact, which we will use extensively: if the points a < tx < ■ • ■ < tk < b, the nonnegative integers {/i,}f= t, JU,-< N-1, and the data {cf}*=1 f±0 are prescribed, and if n = 'Lk=l(pl + 1), then there is a unique "polynomial" p(t) = SjLjOfUf(f) which satisfies p(/)(rf) = c¡¡, i -1, . . . , k, j = 0, 1, . . . ,
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use p¡. Hence, any nontrivial polynomial p(t) can have at most n -1 zeros, counting multiplicities up to order N. An ET-system of order n is called simply an extended Tchebycheff (ET) system. If the functions {«,-}"= t satisfy the property that for any k, 1 < k < n, the system iM/}f=i is an ET-system, then we say the {u¡}"=l form an extended complete Tchebycheff (ECT) system. for m= 1,2, ... ,n, it must be that n < n = SjL xp¡ + F, where F is the number of points t¡ such that t¡ E (a, b) and p¡ is odd. ¥= 0. This is seen to be a contradiction of (3). We next discuss the elements of topological degree theory which will be needed Fi(lA) = -Lx(Pi (1;-) ), i=l,...,k.
Then F is continuous in ( /_, X) and Lemmas 1 and 3 imply that F( t_, X) =£ 0 if /_ G 8Afc e. Hence deg(F(-, X), Ak e, 0) is defined and is independent of X, by property (iii) of the degree. We will show that this degree is one, and conclude that there is a unique solution to the equation F(t_, 1) = 0. This will complete the proof of Theorem 1. Lemma 4. // t_ E Ak e is any solution to the equation F( t_, X) = 0, 0 < X < 1, then (7) det |y(i,X)>0.
Proof. For convenience we delete the explicit reference to the parameter X. Since F(t_) = 0, let f, a be the formula (4) Then (4) implies L0(p) = 0, but ¿0(p) = p(rx) =£ 0, a contradiction. Hence, Sj = /-j, and one similarly shows s_ = r_. Now, unfortunately, det dF(r_)ldt_ = 0 (if some p. > 1, as can be seen from (8), below), so a little care must be used in calculating the degree. We claim that F(t) is 1-1 for t_ near r_. For t_ near r, we have
If we make the invertible, orientation preserving change of variables t¡ = (f(--r>f)M,)
we have
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use for all pEU, where a <tx < t2 < • ■ • < tk < b. Proof. We clearly may assume that L is nontrivial and not positive. Thus, there is some nontrivial q EU, q> 0, such that L(q) = 0. Since L(p)=C p(t)dp(t), pEU, Ja for some nontrivial Stieltjes measure dp(t), q must have zeros a < sx < s2 < • ■ ■ < sN < b. Furthermore, the support of dp(t) must be contained in this set, so that
where X,. > 0 (we discard and reindex if some Xf = 0). We consider two cases. Then necessarily L(p¡) = \xp¡(a) > 0. We remark that in this case (N > k), the stronger conclusion of Theorem 1 holds, and all the a¡ _x are positive.
We conclude with a conjecture, which is based on the following observation: if all p¡ = 1, then Theorems 1 and 2 are known to be true whenever {«,-}"_ j is merely a Tchebycheff system (i.e., an ET-system of order one), with no smoothness requirements beyond continuity. This suggests the Conjecture. Let the hypotheses of Theorem 1 hold, except that the {«,}"= 1 are merely an extended Tchebycheff system of order N where N = max(ju¿). Then the conclusion of Theorem 1 holds. An analogous statement is true for Theorem 2.
We remark that the existence of the desired formula follows fairly easily from 
